
28. Методы Ньютона и секущих для решения нелинейных уравнений ��� 

	
  

	
  

	
  

	
  

	
  

	
  

S(x)

S0(x) = 1� ⌧f 0(x).

f 0(x) > 0, x 2 Ua(x⇤)
|S0(x)| < 1 ⌧

|1� ⌧M | < 1, 0 < ⌧ <
2

M
.

x⇤

f 0(x) > 0, x 2 Ua(x⇤) ⌧
�

0, 2
M

�

A n

xn � x⇤ ⇡ Aqn, n 2 Z+, A 2 R.

xn�1 � x⇤ ⇡ Aqn�1, xn � x⇤ ⇡ Aqn, xn+1 � x⇤ ⇡ Aqn+1,

Aqn+1 xn�1, xn, xn+1

(xn+1 � xn)2 = A2q2n(q � 1)2,

xn+1 � 2xn + xn�1 = Aqn�1(q � 1)2,

(xn+1 � xn)2

xn+1 � 2xn + xn�1
= Aqn+1.

Aqn+1 x⇤ (n+1)
xn+1 x⇤

x⇤ ⇡ xn+1 � (xn+1 � xn)2

xn+1 � 2xn + xn�1
.

xn�1, xn, xn+1

x0n+1 = xn+1 � (xn+1 � xn)2

(xn+1 � 2xn + xn�1)
,

x0n+1

f(x), x 2 R

f(x) = 0.

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤) Ua(x⇤)

f(x)

f 0(x) 6= 0, x 2 Ua(x
⇤).

f(x⇤) x 2 Ua(x⇤)

f(x⇤) = f(x) + (x⇤ � x)f 0(x) + . . .

(x⇤ � x)
x⇤ xn+1 x xn

f(xn) + (xn+1 � xn)f 0(xn) = 0, n 2 Z+.

f 0(xn) 6= 0 xn+1

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+.

A (x0, f(x0))
x1

Ox f(x) A
x2 Ox f(x) B (x1, f(x1))

n xn x⇤

x

y

x⇤ x2 x1

B

x0

A

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤) Ua(x⇤)

f(x)

f 0(x) 6= 0, x 2 Ua(x
⇤).

f(x⇤) x 2 Ua(x⇤)

f(x⇤) = f(x) + (x⇤ � x)f 0(x) + . . .

(x⇤ � x)
x⇤ xn+1 x xn

f(xn) + (xn+1 � xn)f 0(xn) = 0, n 2 Z+.

f 0(xn) 6= 0 xn+1

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+.

A (x0, f(x0))
x1

Ox f(x) A
x2 Ox f(x) B (x1, f(x1))

n xn x⇤

x

y

x⇤ x2 x1

B

x0

A

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤) Ua(x⇤)

f(x)

f 0(x) 6= 0, x 2 Ua(x
⇤).

f(x⇤) x 2 Ua(x⇤)

f(x⇤) = f(x) + (x⇤ � x)f 0(x) + . . .

(x⇤ � x)
x⇤ xn+1 x xn

f(xn) + (xn+1 � xn)f 0(xn) = 0, n 2 Z+.

f 0(xn) 6= 0 xn+1

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+.

A (x0, f(x0))
x1

Ox f(x) A
x2 Ox f(x) B (x1, f(x1))

n xn x⇤

x

y

x⇤ x2 x1

B

x0

A

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤) Ua(x⇤)

f(x)

f 0(x) 6= 0, x 2 Ua(x
⇤).

f(x⇤) x 2 Ua(x⇤)

f(x⇤) = f(x) + (x⇤ � x)f 0(x) + . . .

(x⇤ � x)
x⇤ xn+1 x xn

f(xn) + (xn+1 � xn)f 0(xn) = 0, n 2 Z+.

f 0(xn) 6= 0 xn+1

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+.

A (x0, f(x0))
x1

Ox f(x) A
x2 Ox f(x) B (x1, f(x1))

n xn x⇤

x

y

x⇤ x2 x1

B

x0

A

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤) Ua(x⇤)

f(x)

f 0(x) 6= 0, x 2 Ua(x
⇤).

f(x⇤) x 2 Ua(x⇤)

f(x⇤) = f(x) + (x⇤ � x)f 0(x) + . . .

(x⇤ � x)
x⇤ xn+1 x xn

f(xn) + (xn+1 � xn)f 0(xn) = 0, n 2 Z+.

f 0(xn) 6= 0 xn+1

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+.

A (x0, f(x0))
x1

Ox f(x) A
x2 Ox f(x) B (x1, f(x1))

n xn x⇤

x

y

x⇤ x2 x1

B

x0

A



	
  

	
  

f(x) xn

y � f(xn) = f 0(xn)(x� xn).

xn+1

x y = f(x) (xn, f(xn))

f(x)
Ua(x⇤)

x

y

x1 x0x2x⇤

f(x)

xn+1 = xn � f(xn)

f 0(x0)
, n 2 Z+.

f 0(x)

(

f1(x1, x2) = 0

f2(x1, x2) = 0
.

(x⇤1, x
⇤
2) f1(x⇤1, x

⇤
2)

(x1, x2)

f1(x
⇤
1, x

⇤
2) = f1(x1, x2) + (x⇤1 � x1)

@f1(x1, x2)

@x1
+ (x⇤2 � x2)

@f1(x1, x2)

@x2
+ . . .

xn+1 = xn � J�1(x0)f(xn), n 2 Z+.

n + 1 xn+1 n
xn xn+1 xn

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+, x0 2 Ua(x

⇤).

f 0(xn) f(xn)�f(xn�1)
xn�xn�1

xn+1 = xn � (xn � xn�1)f(xn)

f(xn)� f(xn�1)
, n 2 N, x0, x1 .

x

y

xn+1 xn xn�1

(xn�1, f(xn�1)), (xn, f(xn)) xn+1

Ox
[xn�1, xn] f(x)

xn+1



	
  

	
  

	
  

xn+1 = xn � J�1(x0)f(xn), n 2 Z+.

n + 1 xn+1 n
xn xn+1 xn

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+, x0 2 Ua(x

⇤).

f 0(xn) f(xn)�f(xn�1)
xn�xn�1

xn+1 = xn � (xn � xn�1)f(xn)

f(xn)� f(xn�1)
, n 2 N, x0, x1 .

x

y

xn+1 xn xn�1

(xn�1, f(xn�1)), (xn, f(xn)) xn+1

Ox
[xn�1, xn] f(x)

xn+1

xn+1 = xn � J�1(x0)f(xn), n 2 Z+.

n + 1 xn+1 n
xn xn+1 xn

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+, x0 2 Ua(x

⇤).

f 0(xn) f(xn)�f(xn�1)
xn�xn�1

xn+1 = xn � (xn � xn�1)f(xn)

f(xn)� f(xn�1)
, n 2 N, x0, x1 .

x

y

xn+1 xn xn�1

(xn�1, f(xn�1)), (xn, f(xn)) xn+1

Ox
[xn�1, xn] f(x)

xn+1

f(x), x 2 R

f(x) = 0.

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤)

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+, x0 2 Ua(x

⇤).

S(x) = x� f(x)

f 0(x)
.

|S0(x)| < 1
x 2 Ua(x⇤) f(x)

S(x)

S0(x) = 1� (f 0(x))2 � f(x)f 00(x)

(f 0(x))2
=

f(x)f 00(x)

(f 0(x))2
.

x⇤ f(x⇤) = 0 S0(x⇤) = 0
S0(x) |S0(x)| < 1

zn = xn � x⇤.

zn zn+1 zn+1

zn+1 = xn+1 � x⇤ = S(zn + x⇤)� S(x⇤).

S(zn + x⇤) S0(x⇤) = 0

zn+1 = S(x⇤) + S0(x⇤)zn +
1

2
S00(x̃n) (zn)2 � S(x⇤) =

1

2
S00(x̃n)(zn)2,

x̃n = xn + ✓zn, ✓ 2 R, |✓| < 1.

f(x) Ua(x⇤)

S00(x) =

✓

f(x)f 00(x)

(f 0(x))2

◆0
.

M > 0 x 2 Ua(x⇤)

M > 1

2

�

�S00(x)
�

� .



	
  

	
  

	
  

	
  

f(x), x 2 R

f(x) = 0.

x⇤

a

Ua(x
⇤) = {x : |x� x⇤| < a},

f(x)
x0 2 Ua(x⇤)

xn+1 = xn � f(xn)

f 0(xn)
, n 2 Z+, x0 2 Ua(x

⇤).

S(x) = x� f(x)

f 0(x)
.

|S0(x)| < 1
x 2 Ua(x⇤) f(x)

S(x)

S0(x) = 1� (f 0(x))2 � f(x)f 00(x)

(f 0(x))2
=

f(x)f 00(x)

(f 0(x))2
.

x⇤ f(x⇤) = 0 S0(x⇤) = 0
S0(x) |S0(x)| < 1

zn = xn � x⇤.

zn zn+1 zn+1

zn+1 = xn+1 � x⇤ = S(zn + x⇤)� S(x⇤).

S(zn + x⇤) S0(x⇤) = 0

zn+1 = S(x⇤) + S0(x⇤)zn +
1

2
S00(x̃n) (zn)2 � S(x⇤) =

1

2
S00(x̃n)(zn)2,

x̃n = xn + ✓zn, ✓ 2 R, |✓| < 1.

f(x) Ua(x⇤)

S00(x) =

✓

f(x)f 00(x)

(f 0(x))2

◆0
.

M > 0 x 2 Ua(x⇤)

M > 1

2

�

�S00(x)
�

� .

|zn+1| 6 M |(zn)2|.

M vn = M |zn|

vn+1 6 (vn)2.

vn 6 (v0)2
n

M |zn| 6
�

M
�

�z0
�

�

�2n
,

|zn| 6 1

M

�

M
�

�z0
�

�

�2n
.

q = M |z0| 0 < q < 1 {zn}1n=0

zn �!
n!1

0,

q (0 < q < 1)
0 < |z0| < 1

M |x0 � x⇤| < 1
M

M > 0

1

2

�

�S00(x)
�

� 6 M, x 2 Ua(x
⇤).

x0

|x0 � x⇤| < 1

M
,

|xn � x⇤| 6 1

M

�

M |x0 � x⇤|
�2n

.

xn+1 = S(xn) S(x⇤) = x⇤ S0(x⇤) 6= 0

S0(x⇤) = 1� f 0(x⇤)
f 0(x0) x0 x⇤

|zn+1| 6 M |(zn)2|.

M vn = M |zn|

vn+1 6 (vn)2.

vn 6 (v0)2
n

M |zn| 6
�

M
�

�z0
�

�

�2n
,

|zn| 6 1

M

�

M
�

�z0
�

�

�2n
.

q = M |z0| 0 < q < 1 {zn}1n=0

zn �!
n!1

0,

q (0 < q < 1)
0 < |z0| < 1

M |x0 � x⇤| < 1
M

M > 0

1

2

�

�S00(x)
�

� 6 M, x 2 Ua(x
⇤).

x0

|x0 � x⇤| < 1

M
,

|xn � x⇤| 6 1

M

�

M |x0 � x⇤|
�2n

.

xn+1 = S(xn) S(x⇤) = x⇤ S0(x⇤) 6= 0

S0(x⇤) = 1� f 0(x⇤)
f 0(x0) x0 x⇤

|zn+1| 6 M |(zn)2|.

M vn = M |zn|

vn+1 6 (vn)2.

vn 6 (v0)2
n

M |zn| 6
�

M
�

�z0
�

�

�2n
,

|zn| 6 1

M

�

M
�

�z0
�

�

�2n
.

q = M |z0| 0 < q < 1 {zn}1n=0

zn �!
n!1

0,

q (0 < q < 1)
0 < |z0| < 1

M |x0 � x⇤| < 1
M

M > 0

1

2

�

�S00(x)
�

� 6 M, x 2 Ua(x
⇤).

x0

|x0 � x⇤| < 1

M
,

|xn � x⇤| 6 1

M

�

M |x0 � x⇤|
�2n

.

xn+1 = S(xn) S(x⇤) = x⇤ S0(x⇤) 6= 0

S0(x⇤) = 1� f 0(x⇤)
f 0(x0) x0 x⇤
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M vn = M |zn|

vn+1 6 (vn)2.

vn 6 (v0)2
n

M |zn| 6
�

M
�

�z0
�

�

�2n
,

|zn| 6 1

M

�

M
�

�z0
�

�

�2n
.
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zn �!
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0,
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M

M > 0

1

2

�

�S00(x)
�

� 6 M, x 2 Ua(x
⇤).

x0

|x0 � x⇤| < 1

M
,

|xn � x⇤| 6 1

M

�

M |x0 � x⇤|
�2n

.

xn+1 = S(xn) S(x⇤) = x⇤ S0(x⇤) 6= 0

S0(x⇤) = 1� f 0(x⇤)
f 0(x0) x0 x⇤



29.	
  Численное решение задачи Коши для обыкновенных дифференциальных 
уравнений. Примеры методов Рунге-Кутта. ��� 

	
  

	
  

8

<

:

du

dt
= f(t,u(t)), t > 0,

u(0) = u0,

u(t) = (u1(t), u2(t), . . . , um(t))T f(t,u(t)) = (f1(t,u(t)), . . . , fm(t,u(t))T

|u(t)| =
q

u21(t) + u22(t) + . . .+ u2m(t).

f(t,u(t))

R = {|t| 6 a, |u(t)� u(0)| 6 b, a, b 2 R}

R

kf(t,u)� f(t,v)k 6 Lku� vk,

(t,u) (t,v) 2 R
u(t)

u(t) = u(0) +

t
Z

0

f(x,u(x))dx

un(t)

un+1(t) = u(0) +

t
Z

0

f(x,un(x))dx.

f(t,u)

u(t)

8

<

:

du

dt
= f(t, u(t)), t > 0,

u(0) = u0,

⌧ > 0

!⌧ = {tn = n⌧, n 2 Z+},

un = u(tn) fn = f(tn, un)
u y

8

<

:

yn+1 � yn
⌧

= f(tn, yn), tn 2 w⌧

y0 = u0, n 2 Z+.

tn+1, n 2 Z+

yn+1 = yn + ⌧fn, n 2 Z+.

zn = yn � un, n 2 Z+.

kznk 6 M⌧ M ⌧

⌧



	
  

	
  

	
  

	
  

un(t)

un+1(t) = u(0) +

t
Z

0

f(x,un(x))dx.

f(t,u)

u(t)

8

<

:

du

dt
= f(t, u(t)), t > 0,

u(0) = u0,

⌧ > 0

!⌧ = {tn = n⌧, n 2 Z+},

un = u(tn) fn = f(tn, un)
u y

8

<

:

yn+1 � yn
⌧

= f(tn, yn), tn 2 w⌧

y0 = u0, n 2 Z+.

tn+1, n 2 Z+

yn+1 = yn + ⌧fn, n 2 Z+.

zn = yn � un, n 2 Z+.

kznk 6 M⌧ M ⌧

⌧

 n = �un+1 � un
⌧

+ f(tn, un).

un+1 tn

un+1 = un + ⌧u0n +O
�

⌧2
�

.

un+1 � un
⌧

= u0n +O
�

⌧
�

.

 n = �u0n + f(tn, un) + O
�

⌧
�

.

�u0n+f(tn, un) = 0

 n = O
�

⌧
�

.

⌧
⌧

tn+ 1
2
= tn + 0.5⌧, n 2 Z+.

tn+1

tn �! tn+ 1
2
�! tn+1.

yn+ 1
2
� yn

0.5⌧
= f(tn, yn).

yn+1 � yn
⌧

= f(tn+ 1
2
, yn+ 1

2
),

y0 = u0 n 2 Z+

yn+1 = yn + ⌧f(tn+ 1
2
, yn + 0.5⌧f(tn, yn)).

⌧

yn+1 yn
f(t, u)
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= tn + 0.5⌧, n 2 Z+.

tn+1

tn �! tn+ 1
2
�! tn+1.

yn+ 1
2
� yn

0.5⌧
= f(tn, yn).

yn+1 � yn
⌧

= f(tn+ 1
2
, yn+ 1

2
),

y0 = u0 n 2 Z+

yn+1 = yn + ⌧f(tn+ 1
2
, yn + 0.5⌧f(tn, yn)).

⌧

yn+1 yn
f(t, u)

!⌧ [tn, tn+1]
yn+1 yn, yn�1, . . . , yn�m

fn, fn�1, . . . , fn�m tn, tn�1, . . . , tn�m !⌧

t =
tn+1 tn�1 = (n�1)⌧ tn = n⌧ tn+1 = (n+1)⌧

tn�1, tn

yn+1 � yn
⌧

= �1fn�1 + �2fn

�1 �2

 n+1 = �un+1 � un
⌧

+ �1fn�1 + �2fn

O(⌧2)  n+1

tn+1

un+1 � un
⌧

= u0n+1 �
⌧

2
u00n+1 +O(⌧2),

f(tn, un) = f(tn+1 � ⌧, u(tn+1 � ⌧)) = f(tn+1 � ⌧, un+1 � ⌧
@un
@t

+O(⌧2)) =

= fn+1 � ⌧
@fn+1

@t
� ⌧

@un
@t

@fn+1

@u
+O(⌧2) = fn+1 � ⌧

@fn+1

@t
� ⌧fn+1

@fn+1

@u
+O(⌧2) =

= fn+1 � ⌧u00n+1 +O(⌧2),

f(tn�1, un�1) = fn+1 � 2⌧u00n+1 +O(⌧2).

 n+1 = �u0n+1 + (�1 + �2)fn+1 + ⌧u00n+1(0.5� �2 � 2�1) + O(⌧2).

 n+1 O(⌧2)

�1 + �2 = 1, 0.5� �2 � 2�1 = 0.

�1 = �0.5 �2 = 1.5

yn+1 � yn
⌧

=
3

2
fn � 1

2
fn�1, n = 1, 2, . . .

y0 y1
y0 = u(0)

y1

u(⌧) = u(0) + ⌧
@u(0)

@t
+ . . . = u(0) + ⌧f(0, u(0)) + . . .

y1 = u0 + ⌧f0

!⌧ [tn, tn+1]
yn+1 yn, yn�1, . . . , yn�m

fn, fn�1, . . . , fn�m tn, tn�1, . . . , tn�m !⌧

t =
tn+1 tn�1 = (n�1)⌧ tn = n⌧ tn+1 = (n+1)⌧

tn�1, tn

yn+1 � yn
⌧

= �1fn�1 + �2fn

�1 �2

 n+1 = �un+1 � un
⌧

+ �1fn�1 + �2fn

O(⌧2)  n+1

tn+1

un+1 � un
⌧

= u0n+1 �
⌧

2
u00n+1 +O(⌧2),

f(tn, un) = f(tn+1 � ⌧, u(tn+1 � ⌧)) = f(tn+1 � ⌧, un+1 � ⌧
@un
@t

+O(⌧2)) =

= fn+1 � ⌧
@fn+1

@t
� ⌧

@un
@t

@fn+1

@u
+O(⌧2) = fn+1 � ⌧

@fn+1

@t
� ⌧fn+1

@fn+1

@u
+O(⌧2) =

= fn+1 � ⌧u00n+1 +O(⌧2),

f(tn�1, un�1) = fn+1 � 2⌧u00n+1 +O(⌧2).

 n+1 = �u0n+1 + (�1 + �2)fn+1 + ⌧u00n+1(0.5� �2 � 2�1) + O(⌧2).

 n+1 O(⌧2)

�1 + �2 = 1, 0.5� �2 � 2�1 = 0.

�1 = �0.5 �2 = 1.5

yn+1 � yn
⌧

=
3

2
fn � 1

2
fn�1, n = 1, 2, . . .

y0 y1
y0 = u(0)

y1

u(⌧) = u(0) + ⌧
@u(0)

@t
+ . . . = u(0) + ⌧f(0, u(0)) + . . .

y1 = u0 + ⌧f0



	
  

	
  

	
  

!⌧ [tn, tn+1]
yn+1 yn, yn�1, . . . , yn�m

fn, fn�1, . . . , fn�m tn, tn�1, . . . , tn�m !⌧

t =
tn+1 tn�1 = (n�1)⌧ tn = n⌧ tn+1 = (n+1)⌧

tn�1, tn

yn+1 � yn
⌧

= �1fn�1 + �2fn

�1 �2

 n+1 = �un+1 � un
⌧

+ �1fn�1 + �2fn

O(⌧2)  n+1

tn+1

un+1 � un
⌧

= u0n+1 �
⌧

2
u00n+1 +O(⌧2),

f(tn, un) = f(tn+1 � ⌧, u(tn+1 � ⌧)) = f(tn+1 � ⌧, un+1 � ⌧
@un
@t

+O(⌧2)) =

= fn+1 � ⌧
@fn+1

@t
� ⌧

@un
@t

@fn+1

@u
+O(⌧2) = fn+1 � ⌧

@fn+1

@t
� ⌧fn+1

@fn+1

@u
+O(⌧2) =

= fn+1 � ⌧u00n+1 +O(⌧2),

f(tn�1, un�1) = fn+1 � 2⌧u00n+1 +O(⌧2).

 n+1 = �u0n+1 + (�1 + �2)fn+1 + ⌧u00n+1(0.5� �2 � 2�1) + O(⌧2).

 n+1 O(⌧2)

�1 + �2 = 1, 0.5� �2 � 2�1 = 0.

�1 = �0.5 �2 = 1.5

yn+1 � yn
⌧

=
3

2
fn � 1

2
fn�1, n = 1, 2, . . .

y0 y1
y0 = u(0)

y1

u(⌧) = u(0) + ⌧
@u(0)

@t
+ . . . = u(0) + ⌧f(0, u(0)) + . . .

y1 = u0 + ⌧f0

8

>

>

<

>

>

:

yn+1 � yn
⌧

= �1K1 + �2K2, n 2 Z+

y0 = u0,

K1 = f(tn, yn), K2 = f(tn + a2⌧, yn + b21⌧f(tn, yn)),

�1,�2, a2, b21 2 R

K1 K2

yn+1 � yn
⌧

= �1f(tn, yn) + �2f(tn + a2⌧, yn + b21⌧f(tn, yn)).

 n = �un+1 � un
⌧

+ �1f(tn, un) + �2f (tn + a2⌧, un + b21⌧f(tn, un)) .

un+1 tn

un+1 � un
⌧

= u0n +
⌧

2
u00n +O

�

⌧2
�

.

f(tn + a2⌧, un + b21⌧fn) (tn, un)

f(tn + a2⌧, un + b21⌧f(tn, un)) = f(tn, un) + a2⌧
@fn
@t

+ b21⌧fn
@fn
@u

+O
�

⌧2
�

.

u00 =
d

dt

✓

du

dt

◆

=
@f

@t
+
@f

@u

@u

@t
=
@f

@t
+ f

@f

@u
.

 n

 n =� u0n � 0.5⌧

✓

@fn
@t

+ fn
@fn
@u

◆

+O
�

⌧2
�

+ �1f(tn, un)+

+�2

✓

f(tn, un) + ⌧a2
@fn
@t

+ ⌧b21fn
@fn
@u

◆

+O
�

⌧2
�

.

 n = �u0n + (�1 + �2)f(tn, un) + ⌧

✓

(a2�2 � 0.5)
@fn
@t

+ (b21�2 � 0.5)fn
@fn
@u

◆

+O
�

⌧2
�

.

 n ⌧
⌧

�1 + �2 = 1

�2a2 = �2b21 = 0.5

⌧

 n = O
�

⌧2
�

.

8

>

>

<

>

>

:

yn+1 � yn
⌧

= �1K1 + �2K2, n 2 Z+

y0 = u0,

K1 = f(tn, yn), K2 = f(tn + a2⌧, yn + b21⌧f(tn, yn)),

�1,�2, a2, b21 2 R

K1 K2

yn+1 � yn
⌧

= �1f(tn, yn) + �2f(tn + a2⌧, yn + b21⌧f(tn, yn)).

 n = �un+1 � un
⌧

+ �1f(tn, un) + �2f (tn + a2⌧, un + b21⌧f(tn, un)) .

un+1 tn

un+1 � un
⌧

= u0n +
⌧

2
u00n +O

�

⌧2
�

.

f(tn + a2⌧, un + b21⌧fn) (tn, un)

f(tn + a2⌧, un + b21⌧f(tn, un)) = f(tn, un) + a2⌧
@fn
@t

+ b21⌧fn
@fn
@u

+O
�

⌧2
�

.

u00 =
d

dt

✓

du

dt

◆

=
@f

@t
+
@f

@u

@u

@t
=
@f

@t
+ f

@f

@u
.

 n

 n =� u0n � 0.5⌧

✓

@fn
@t

+ fn
@fn
@u

◆

+O
�

⌧2
�

+ �1f(tn, un)+

+�2

✓

f(tn, un) + ⌧a2
@fn
@t

+ ⌧b21fn
@fn
@u

◆

+O
�

⌧2
�

.

 n = �u0n + (�1 + �2)f(tn, un) + ⌧

✓

(a2�2 � 0.5)
@fn
@t

+ (b21�2 � 0.5)fn
@fn
@u

◆

+O
�

⌧2
�

.

 n ⌧
⌧

�1 + �2 = 1

�2a2 = �2b21 = 0.5

⌧

 n = O
�

⌧2
�

.



	
  

	
  

8

>

>

<

>

>

:

yn+1 � yn
⌧

= �1K1 + �2K2, n 2 Z+

y0 = u0,

K1 = f(tn, yn), K2 = f(tn + a2⌧, yn + b21⌧f(tn, yn)),

�1,�2, a2, b21 2 R

K1 K2

yn+1 � yn
⌧

= �1f(tn, yn) + �2f(tn + a2⌧, yn + b21⌧f(tn, yn)).

 n = �un+1 � un
⌧

+ �1f(tn, un) + �2f (tn + a2⌧, un + b21⌧f(tn, un)) .

un+1 tn

un+1 � un
⌧

= u0n +
⌧

2
u00n +O

�

⌧2
�

.

f(tn + a2⌧, un + b21⌧fn) (tn, un)

f(tn + a2⌧, un + b21⌧f(tn, un)) = f(tn, un) + a2⌧
@fn
@t

+ b21⌧fn
@fn
@u

+O
�

⌧2
�

.

u00 =
d

dt

✓

du

dt

◆

=
@f

@t
+
@f

@u

@u

@t
=
@f

@t
+ f

@f

@u
.

 n

 n =� u0n � 0.5⌧

✓

@fn
@t

+ fn
@fn
@u

◆

+O
�

⌧2
�

+ �1f(tn, un)+

+�2

✓

f(tn, un) + ⌧a2
@fn
@t

+ ⌧b21fn
@fn
@u

◆

+O
�

⌧2
�

.

 n = �u0n + (�1 + �2)f(tn, un) + ⌧

✓

(a2�2 � 0.5)
@fn
@t

+ (b21�2 � 0.5)fn
@fn
@u

◆

+O
�

⌧2
�

.

 n ⌧
⌧

�1 + �2 = 1

�2a2 = �2b21 = 0.5

⌧

 n = O
�

⌧2
�

.⌧

�1 �2
�1 + �2 = 1

� = �2 �1 = 1� �
a = a2 = b12
�

yn+1 � yn
⌧

= (1� �)K1 + �K2,

K1 = f(tn, yn), K2 = f(tn + a⌧, yn + a⌧f(tn, yn))

� = 1, a = a2 = 0.5, b = b21 = 0.5

O
�

⌧2
�

� = 0.5, a = 1, b = 1

8

<

:

yn+1 � yn
⌧

= 0.5 (f(tn, yn) + f(tn + ⌧, yn + ⌧fn)) , n 2 Z+

y0 = u0.

⌧

8

<

:

yn+1 � yn
⌧

= (1� �)f(tn, yn) + �f(tn + a⌧, yn + a⌧f(tn, yn)), n 2 Z+

y0 = u0.

zn = yn � un, n 2 Z.

zn
8

<

:

zn+1 � zn
⌧

= (1� �)fn + �f(tn + a⌧, yn + a⌧fn)�
un+1 � un

⌧
, n 2 Z+

z0 = 0,

fn = f(tn, yn), yn = zn + un

lim
n!1

|zn| = 0.



	
  

	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

M

|zn+1| 6 ⇢n+1|z0|+ ⌧
n
X

j=0

⇢n�j | j |.

z0 = 0

|zn+1| 6 max
06j6n

| j |tnetnL.

tn 6 T

|zn+1| 6 M max
06j6n

| j |,

M = TeTL > 0 ⌧

lim
⌧!0

|zn+1| = 0,

| j | 6 M1(⌧2) ⌧

|zn+1| = O
�

⌧2
�

.

⌧

m

8

<

:

du

dt
= f(t, u(t)), t > 0

u(0) = u0,

u(t) f(t, u)
u(t)

t > 0 ⌧ > 0

!⌧ = {tn = n⌧, ⌧ > 0, n 2 Z+}.

yn = y(tn) !⌧

yn un = u(tn) fn = f(tn, yn)
m

tn+1 m
n 2 Z+

K1 = f(tn, yn),

K2 = f(tn + a2⌧, yn + b21⌧K1),

K3 = f(tn + a3⌧, yn + b31⌧K1 + b32⌧K2),

. . .

Km = f(tn + am⌧, yn + bm1⌧K1 + bm2⌧K2 + . . .+ bmm�1⌧Km�1).

8

<

:

yn+1 � yn
⌧

= �1K1 + �2K2 + . . .+ �mKm

y0 = u0, n 2 Z+,

�1,�2, . . . ,�m 2 R

m
X

i=1

�i = 1.

m

m > 4

m = 3
yn+1 � yn

⌧
=

1

6
(K1 + 4K2 +K3),

K1 = f(tn, yn),

K2 = f(tn + 0.5⌧, yn + 0.5⌧K1),

K3 = f(tn + ⌧, yn � ⌧K1 + 2⌧K2).

⌧

m = 4
yn+1 � yn

⌧
=

1

6
(K1 + 2K2 + 2K3 +K4),

K1 = f(tn, yn),

K2 = f(tn + 0.5⌧, yn + 0.5⌧K1),

K3 = f(tn + 0.5⌧, yn + 0.5⌧K2),

K4 = f(tn + ⌧, yn + ⌧K3).

⌧

8

<

:

du

dt
= f(t, u(t)), t > 0,

u(0) = u0,

u(t) f(t, u) u(t)

t > 0 ⌧ > 0

!⌧ = {tn = n⌧, ⌧ > 0, n 2 Z+}.

yn = y(tn) !⌧

yn un = u(tn) fn = f(tn, yn)

8

<

:

yn+1 � yn
⌧

= �1K1 + �2K2 + . . .+ �mKm

y0 = u0, n 2 Z+,

�1,�2, . . . ,�m 2 R

m
X

i=1

�i = 1.

m

m > 4

m = 3
yn+1 � yn

⌧
=

1

6
(K1 + 4K2 +K3),

K1 = f(tn, yn),

K2 = f(tn + 0.5⌧, yn + 0.5⌧K1),

K3 = f(tn + ⌧, yn � ⌧K1 + 2⌧K2).

⌧

m = 4
yn+1 � yn

⌧
=

1

6
(K1 + 2K2 + 2K3 +K4),

K1 = f(tn, yn),

K2 = f(tn + 0.5⌧, yn + 0.5⌧K1),

K3 = f(tn + 0.5⌧, yn + 0.5⌧K2),

K4 = f(tn + ⌧, yn + ⌧K3).

⌧

8

<

:

du

dt
= f(t, u(t)), t > 0,

u(0) = u0,

u(t) f(t, u) u(t)

t > 0 ⌧ > 0

!⌧ = {tn = n⌧, ⌧ > 0, n 2 Z+}.

yn = y(tn) !⌧

yn un = u(tn) fn = f(tn, yn)



30. Задача Коши для уравнения колебания струны. Формула Даламбера. ��� 

 

 

	
  



	
  

	
  



	
  

	
  

	
  

	
  



	
  

	
  

	
  



	
  

	
  

	
  

	
  



	
  

	
  

	
  



	
  

	
  

	
  



	
  

	
  

	
  



	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  



31. Постановка краевых задач для уравнения теплопроводности. Метод 
разделения переменных для решения первой краевой задачи.  

	
  



	
  

	
  

	
  



	
  

	
  

	
  

	
  

	
  
	
  



	
  

	
  

	
  



	
  

	
  

	
  



	
  

	
  

	
  

	
  



	
  

	
  



	
  

	
  



	
  

	
  



	
  



	
  



	
  



	
  



	
  



	
  


